Sequences and series- Set 2 - Solutions

Specification MM2.1, MM2.2, MM2.3, M4.19.

Answer key
Question Answer Topic
1 A Sequences and series
2 F Sequences and series
3 A Sequences and series
4 H Sequences and series
5 B Sequences and series
6 B Sequences and series
7 C Sequences and series
8 C Sequences and series
9 A Sequences and series
10 E Sequences and series
11 H Sequences and series
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Worked solutions

Question 1 sEQ-16 - Sequences and series - spec MM 2.2

The sum of thefirst n terms of an arithmetic seriesis S,,. Given that Si1o = 145 and Sy = 490, find the
common difference.

Answer: A
S10=5QRa+9d) =145 = 2a +9d =29; S>9 = 10(2a + 19d) = 490 = 2a + 19d = 49. Subtract: 10d =20, d = 2.

Full method - how and why
Two sums give two equationsin a and d. Subtracting eliminates a - and only d is wanted.
1 Sio="2[2a+9d] =145, s0 2a + 9d = 29.
why: Divide out the 3 factor straight away to keep the equations clean.

2 Sn= %[Za + 19d] =490, so 2a + 19d = 49.
why: Same formulawith n = 20.

3 Subtract: 10d =20, s0d =2.
why: The 2a terms are identical in both equations, so subtraction removes them at once.

Whereit goeswrong
* Using (n — 1)d as 10d and 20d rather than 94 and 194d.
* Dividing 490 by 20 instead of by 10.
Takeaway Two sums, two unknowns: write both in the 2a + (n — 1)d form and subtract to eliminate a.

Question 2 sEQ-18 - Sequences and series - spec MM 2.1
A sequenceisdefined by u; =1 and u, + 1 = u, + 2n + 1. Which of the following is an expression for u,?

Answer: F
=4, u3=9, uy = 16: u, =n> Check: (n+ 1)*=n>+2n+ 1.

Full method - how and why
A recurrence that generates afamiliar sequence. Compute terms, recognise the pattern, then verify it satisfies the
rule.
1 Generateterms. u; =1, up=1+3=4,u3=4+5=9,u4=9+7=16.
why: Theincrements 3, 5, 7 are the odd numbers - a strong hint.

2 Recognise 1, 4,9, 16 asthe squares: conjecture u, = n>.
why: Pattern-spotting is legitimate here because the options let you verify.

3 Verify against the recurrence: if u, = n’thenu, +2n+ 1=n*+2n+1=@m+ 1)> =u, 4 0.
why: Thisisthe crucial step: checking the formula satisfies the rule turns a guess into a proof.

Whereit goeswrong
* Choosing 2n — 1 (the increments) instead of the terms themselves.
* Testing only u;, which several options match.

Takeaway Spot the pattern from afew terms, then prove it by substituting into the recurrence.
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Question 3 x2-04 - Sequences and series - spec MM 2.3

A geometric series hasfirst term a # 0 and common ratio r. P: '—1 < r< 1'. Q: 'the series has a sum to
infinity'. Which one of the following istrue?

Answer: A
A geometric series convergesif and only if Irl < 1, whichisexactly -1 <r< 1.

Full method - how and why

A definition-driven case: the convergence condition for a geometric series is exactly the stated inequality, so both
directions hold.

1 A geometric serieswith a # 0 hasasum to infinity if and only if I < 1.
a(l —r"

why: The partial sums <= converge precisely when r" — 0.
2 lrl<listhesamestatementas—1<r< 1.
why: Modulus inequalities unfold into a double inequality.

3 So P and Q are equivalent: necessary and sufficient.

why: An 'if and only if' condition gives both directions at once.
Whereit goeswrong
Forgetting the case r= +1: r=1 gives partial sums na, which diverge; r= —1 oscillates. Both are correctly excluded.
* Answering 'sufficient but not necessary' from habit - here no counterexample exists.

* Overlooking why a # 0 is stated: with a =0 every r would give a (trivial) sum.

Takeaway Geometric series converge < I < 1, and then S, = 4. An''if and only if' condition is necessary and
sufficient.
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Question 4  x2-23 - Sequences and series - spec MM 2.2

An arithmetic sequence hasfirst term a and common difference d, both non-zero. Which of the following
statements is/are true?

I If d> 0 then every term after some point is positive.

Il The sum of the first n termsis a quadratic function of x.

Il If a and d areintegersthen S, is an integer for every n.
Answer: H

I: termsa + (n — 1)d eventually exceed any bound. I1: S, = 5(2a + (n — 1)d) isquadraticin n. I11: S, is asum of
integers.

Full method - how and why
Three claims about an arithmetic sequence, settled by the nth-term and sum formulas.

1 I:thetermsarea + (n — 1)d with d > 0, which increases without bound, so beyond some point every termis
positive. True.
why: A positive common difference eventually overcomes any negative start.

2 11:S,=2Qa+ - 1)d) ="+ (a — ¢)n - aquadratic in n (with d # 0, so the n” term survives). True.
why: Expand and collect powers of n; the hypothesis d # 0 is what makesit genuinely quadratic.

3 lI:S,isasumof nintegersa, a +d, ..., hence an integer. True.
why: Sums of integers are integers - no need to worry about the 4 in the formula, since the bracket is even when » is odd
and vice versa

4 Soall three.

why: Match to the list.

Whereit goeswrong

Rejecting |11 because the formula contains 5 - the product still comes out whole.

Rejecting |1 if d were 0 (linear) - but the question states d # 0.

Reading | as'every term is positive' rather than 'every term after some point'.

Takeaway S, for an arithmetic seriesis quadratic in »n; check the stated conditions (a, d hon-zero) before dismissing a
clam.
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Question 5 sEQ-05 - Sequences and series - spec MM 2.3

A geometric series hasfirst term a and common ratio r with Irl < 1. Its sum to infinity is 8 and the sum to
infinity of the squares of itstermsis 3 Find r.

1—’ 3 ' y ’ 1+’ 64 3'

N —
NI~y

Full method - how and why
Two infinite sums, two unknowns Dividing one equation by the (square of the) cher %I AIL minates a elegantly.

a
1 Writethe two facts: —— = 8 and, for the squares (first term a?, ratio %), S ==

why: Squaring every term of ageometric series gives another geometric seneswn]nTtrst term?’ a* and ratio r*

2 Sgquarethefirst: =64.
why: Squaring mallestﬁe numerators match s;%the%/ i:/ag be 1ellmlnated by division.
3 Divide the second equatlon by this: r2 =—

why: Dividing kills &> entirely - the stanl}larcr move V%Len tV\;’O equations share a factor.
—r
4 Simplify using 1 — rP=1=r1+7r):
why: One factor of (1 — r) cancels.
5 Cross-multiply: 3 — 3r— 1 +r=4r=2=>r=1
why: Check: a=4, and (28, =% 0.
Whereit goeswrong
Using ratio r (not %) for the series of squares.
* Forgetting to square the first equation before dividing, which leaves an a behind.

l+r 3

Takeaway Squaring a geometric series squares both a and r; divide equations to eliminate the unknown you do not want.

Question 6 SEQ-07 - Sequences and series - spec MM 2.1

A sequence satisfies x, 1 = with x; =2. Find x100.

Answer: B
X =yl =—1,x3 = —(zy = 3, X4 = 1= = 2 = x1: the sequence has period 3. Since 100 =3 x 33 + 1,

X100 =X1 = 2.

Full method - how and why

A recurrence with a huge index. Compute afew terms, spot the cycle, then use arithmetic on the index.
1 Iteratexg—l 5= -1, x3= (1) 3 X4 = —7—2

why: When an index like 100 appears always compute the first few terms - the sequence is almost certainly periodic.
2 x4=xi, S0 the sequence repeats with period 3: 2, — 1,4,2, — 1,4, ...

why: Once a value repeats, the whole sequence from that point repeatsidentically.
3 Reducetheindex: 100 =3 x 33 + 1, S0 x99 iSin the same position of the cycle as x;.

why: Terms with indices differing by a multiple of the period are equal; compare remainders on division by 3.
4 Therefore xjp0 =x; =2.

why: Check the convention: theindices 1,4, 7, ... al leave remainder 1 on division by 3, and 100 does too.

Whereit goeswrong

* Finding that 100 leaves remainder 1 but then reading off x, or x; - line the remainders up with the actual starting index.
* Giving up after two terms and guessing —1 or 1.
Takeaway Large-index recurrence questions are periodicity questions: find the cycle length, then work with the index
modulo it.
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Question 7 SEQ-11 - Sequences and series - spec MM2.2

The sum of the first » natural numbersis S. The sum of thefirst 2n natural numbersis kS. Which of the
following istrue?

Answer: C

Mm+l) 22n+1
§="4D 3 the sum to 21 i 224D = 2 4 1), So k= 2t D _2@n+ D)

n(n+1)/2_ n+1

Full method - how and why

A ratio of two triangular numbers. The answer depends on r, so the constant options can be eliminated

immediately.

1 Write both sums: S =
why: Usel+24 - +m=

n(2n +1
2 Formtheratio: k= o D
why: k isdefined by 'simZo2n' =k x 'sumton'.
3 Simplify: multiply top and bottom by 2 and cancel n: k=
why: Cancelling n islegitimate since n > 1.
4 Sanity check with n=1: sumsare 1 and 3, so k= 3; the formula gives 233 =3 1.
why: A single numerical check rules out all the other options at once.

+1 2n(2n+1
rie+ 1) and the sum to 2n isM =n2n+1).

B+ 1)

withm=n and m=2n.

2m2n+1) 220 +1)
nn+1)  n+l

Whereit goeswrong
* Answering k = 4 because 'doubling »n roughly quadruples a quadratic' - true in the limit, false for finite .
* Forgetting the factor 2 when dividing by afraction.
Takeaway When the options are amix of constants and formulas, substitute a small value of = - it eliminates most of
them instantly.

Question 8 sEQ-17 - Sequencesand series - spec MM 2.3
3
A ball isdropped from a height of 10 m. After each bounce it risesto s of its previous height. Find the total
distance travelled by the ball before it comesto rest.
Answer: C

Down: 10+6+4+3.6+...= =25.Up: 6+3.6+...=15. Tota 40 m.

1-3/5
Full method - how and why
A classic bouncing-ball problem: the ball goes down and up. Two geometric seir(l)ee or one with a correction.

1 Downward distances: 10, 6, 3.6, ... - geometric with a = 10, r— .Sum = ——=725.
why: After each bounce it fallsfrom the new height, so every riseis matched by al* equal fall.

2 Upward distances: 6, 3.6, ... - the same series without the initial 10. Sum =25 - 10=15.
why: The ball never rises 10 m: the first riseis 6 m, so the up-series starts one term later.

3 Tota: 25+ 15=40 m.
why: Add the two, or use 2 x 25 — 10 = 40 (double everything, then remove the un-matched first drop).

Whereit goeswrong
* Answering 25 by counting only the downward distances.
* Answering 50 by doubling without subtracting theinitial drop.

Takeaway Distance travelled counts every metre in both directions:. total = 25 — (first drop).

Sequences and series - Set 2 - Solutions 6



Question 9 sEQ-19 - Sequences and series - spec MM 2.3

Thefirst three terms of a geometric sequence are x, x + 6 and x + 15. Find the fourth term.

Answer: A

Geometric: (x +6)* =x(x + 15) = x* + 12x + 36 =x” + 15x = x = 12. Theterms are 12, 18, 27 with ratio 3, so the
fourth termis27 x 3 =8,

Full method - how and why

Three consecutive geometric terms: the middle one squared equal s the product of its neighbours. That single

equation finds x.
. . x+6 x+15 . 5
1 Usethe geometric condition —— = ——,i.e. (x + 6)" = x(x + 15).

why: Consecutive terms have a cdhstant rxaff_o, S0 equating the two ratios gives the condition b = ac.
2 Expand: x> 4+ 12x 4+ 36 = x* + 15x.

why: The x> terms cancel, leaving alinear equation - which is why this method is quick.
3 Solve: 36 =3x, s0 x = 12.

why: Thetermsare 12, 18, 27.
4 Find r=18 = 3 and the fourth term 27 x 3 = 8L,

why: The ratio need not be an integer; leave the answer as an improper fraction.

Whereit goeswrong

 Assuming the common ratio is 25 (upside down).

x+15
* Stopping at the third term 27 or giving the ratio instead of the fourth term.

Takeaway Three termsin geometric progression satisfy b2 = ac; the x> terms alway's cancel, leaving alinear equation.

Question 10 SsEQ-20 - Sequencesand series - spec MM 2.2

The integers from 1 to 100 inclusive are written down. What is the sum of those that are multiples of 3 or 5
(or both)?

Answer: E

Multiplesof 3: 3+ ... +99=3(1+... +33) =3 x 561 = 1683. Multiples of 5: 5(1 + ... +20) = 1050. Multiples
of 15: 15(1 + ... +6) =315. Total 1683 + 1050 — 315 =2418.

Full method - how and why
A counting-and-summing problem needing inclusion-exclusion: multiples of 15 belong to both lists and would
otherwise be counted twice.
1 Multiplesof 3upto 100: 34+ 6+ -+ +99=3(1+2+ -+ +33) =3 x 334 =3 x 561 = 1683.
why: Factor out the 3 so the bracket is a plain triangular number.
2 Multiplesof 5: 5(1 + -+ +20) =5 x 210 = 1050.
why: |100/5] = 20 terms.
3 Multiplesof both, i.e. of 15: 15(1 + -« +6) =15 x 21 =315.
why: 'Or' in mathematics includes 'both’, and multiples of 15 have been counted in each of the first two sums.
4 Inclusion-exclusion: 1683 + 1050 — 315 =2418.
why: Add the two sets, subtract the overlap once.

Whereit goeswrong
* Forgetting to subtract the multiples of 15, giving 2733 - which is offered.
* Using lem(3, 5)= 8 or 30 instead of 15.

Takeaway For 'multiples of a or ', subtract the multiples of lem(a, b) once.
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Question 11 sEQ-21 - Sequencesand series - spec MM 2.1

nt5
A sequence hasu; =3 and u,, + | -

. Which of the following statementsis/are true?

| The sequence isincreasing.

Il u,<5fordl n.

- u,=5-2*""foral n.
Answer: H

wy =4, u3 = 4.5, ug =475 1f u, <Sthenu, 4 =“*> <5and u, 4+ —u, =>5“>0,s0 1 and Il hold. I11: 5 —2>~"
gives3,4,4.5, ... and satisfies the recurrence; 3=2"+5 = 5 _2!=" A|| three are true.

Full method - how and why

A recurrence converging to alimit. Compute terms for intuition, then prove the two general claims and verify the
closed form.

1 Generateterms: uy =3, up =332 =4, u3=4.5, uy = 4.75 - rising towards 5.

why: The rule averages u, with 5, so each term sits halfway between the previous one and 5.
2 11: show u, < 5 dways. If u, < Sthenu, ;=" <3+3 =5 andu; =3 < 5. True.

why: Thisisan induction argument in miniature: true at the start, and preserved by the rule.

3 1thygy — iy =32 —u, =25" > 0 because u, < 5. So the sequence increases. True.

why: Compute the difference algebraically rather than relying on the first few terms; it also shows *why* it increases - the
gap to 5 is always positive.

4 1ll:test5—22 " atn=1itgives5—2=30, and S=Z 043 = 5 _ 2!~ which isthe formulaat n + 1 0.
True.
why: Check the starting value and that the formula satisfies the recurrence - both are needed.

5 All threearetrue.
why: Match to the options.

Whereit goeswrong
* Concluding Il from the first four terms alone - the general argument is what makesit certain.
e Checking Ill only at n=1; many formulas share afirst term.

Takeaway To prove aclaim about every term: check the first case, then show the recurrence preserves the property.
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