Mathematical proof - Set 1

TMUA practice questions by topic. Specification Prf1-Prf4. 12 questions.

Each question has one correct answer. No calculator. Answers and worked solutions are in the separate solutions PDF.

1 Consider the claim: for every positiveinteger n, n* + n is even. Which of the following isa
complete and valid proof?
A n?+niseven because both n? and n are even.
B  Ifniseventhenn®isevenand son” +niseven.

C  Supposen? +nisodd. Then n isodd, so n? isodd, so n? + n iseven, whichisa
contradiction... unlessn is even.

12+1=2,22+2=6, 3> +3 =12, which are al even, so the claim holds.

E n+n=nmn+1)isthe product of two consecutive integers, one of which must be even, so
the product is even.

2 Which of the following is a counterexample to the claim 'if n isa positive integer, then 2" + 1 is

prime?

n=4

n=3
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n=2

3 Hereis a proof that \/5 isirrational, with its steps in the wrong order.
| Then p? =2¢?% so p? iseven, so p is even; write p = 2k.
Il Suppose, for contradiction, that \/ 2= d where p and g are positive integers with no
common factor. 1

11 This contradicts the assumption that p and ¢ have no common factor, so \/5 is
irrational.

IV Then 4k% =2¢%, s0 ¢*> = 2k* iseven, so g is even.
Which is the correct order?
AV}
LIV, I
I, v, 1, 1
AV V]
I, 1L, v
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4 A student wants to prove that the squar e of any odd integer leaves remainder 1 when divided by
8. Which of the following is the most appropriate first step?

Check theclaim for 1, 3, 5,7 and 9.

Assume the square leaves aremainder other than 1.

Assumethe claimistruefor all odd integers.

Write the odd integer as 2k for some integer k.
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Write the odd integer as 2k + 1 for some integer k.

5 Prove by cases that n® — n isdivisible by 3 for every integer n. Which set of casesis both sufficient
and necessary to consider?
A n=3k+1,n=3k+2

n even, n odd

n positive, n zero, n negative

n=3k,n=3k+1,n=3k+2
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n prime, n not prime

6 Itisgiventhat for al real x: if fix) > 0 then g(x) > 0. It isalso known that g(2) = —1. What can be
deduced?

f2)<0

f)=0

f)>0

f2)<0

nothing about f(2)
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7 Which of the following is a correct proof that the sum of any three consecutive integersis
divisible by 3?

Any three integersinclude one that is amultiple of 3, so the sum isamultiple of 3.

B Let theintegersben — 1, n, n+ 1. Their sumis 3n, which isdivisible by 3.
C Let theintegers be n, 2n, 3n. Their sumis 6n, which isdivisible by 3.
D The middle integer is the mean of the three, so the sum is three times an integer... but this

needs the middle integer to be a multiple of 3.
E 142+3=6,2+3+4=9and3+4+5=12aredl divisibleby 3.
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8 To prove'if n? iseven then n iseven' by contradiction, which assumption should be made?

A nisodd.

B  n’isevenandnisodd.
C n’iseven.

D n’isodd.

E  nisevenandn®isodd.

+b —
9 A proof that if @ and b are positive real numbersthen aT > \/ab isgiven with itslines
scrambled.

| Hencea+b> 2\/5, and dividing by 2 gives the result.
[ Expanding,a—Z\/£+b20.
[l Since squares are non-negétive, (\/;— \/3)2 >0.
Which order gives avalid proof?
I, I, 1
I, 100
I, 1,1
I, 1,11
i, 1,1
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10  Which of thefollowing claimsis FAL SE, and therefore can be disproved by a counterexample?

A Ifa>bthena+c>b+c, fordlred a, b, c.
If a> b then a® > b2, for al rea a, b.

If a>b>0thena® > b2

If a> b then a® > b>, for al red a, b.

If a> b then —a < —b, for al red a, b.
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11 T, denotesthe nth triangular number

nn+1)

.A student observes 71 + T, =4, T, + T3 =9,

T3 + T4 = 16 and conjecturesthat 7,, + T, . ; is aways a perfect square. Which of the following
proves the conjecture?
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n(n+1)+(n+1)(n+2)_(n+1)(2n+2)_

2 2
T,+T,+1=2T,+ (n+ 1), whichisasguare.

To+Tos1= (n+1)*
Triangular numbers are always squares.
T, + Ts =25, which is asguare, so the pattern continues.

T,+1—T,=n+ 1, sothesumisasguare.

12  Consider theclaim: if n isa positive integer then n? +n + 1 isodd. Which of the following isa
valid proof?

A
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n* +n=n(n+ 1) is even, being the product of consecutive integers, so n”> +n + 1 iseven
plus one, which is odd.

n® +n+ 1 cannot be factorised, so it is odd.
Forn=1,2,3thevaluesare3, 7, 13, all odd, so the claim holds.
Suppose n? + 1 + 1 iseven. Then n is even, which is a contradiction.

If nisodd then n? isodd and n is odd, so n> +n + 1 isodd.
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